The objective of this paper is to determine the lattices of minimal covolume in SL n ( ), for n ≥ 3. The answer turns out to be the simplest one: SL n ( ) is, up to automorphism, the unique lattice of minimal covolume in SL n ( ). In particular, lattices of minimal covolume in SL n ( ) are non-uniform when n ≥ 3, contrasting with Siegel's result for SL 2 ( ). This answers for SL n ( ) the question of Lubotzky: is a lattice of minimal covolume typically uniform or not?
Introduction

A brief history
The study of lattices of minimal covolume in SL n originated with Siegel's work [Sie45b] on SL 2 ( ). Siegel showed that in SL 2 ( ), a lattice of minimal covolume is given by the (2, 3, 7)-triangle group. He raised the question to determine which lattices attain minimum covolume in groups of isometries of higher-dimensional hyperbolic spaces. For SL 2 ( ), which acts on hyperbolic 3-space, the minimum among non-uniform lattices was established by Meyerhoff [Mey85] ; among all lattices in SL 2 ( ), the minimum was exhibited more recently by Gehring, Marshall and Martin [GM09, MM12] , and is attained by a uniform lattice.
Lubotzky established the analogous result [Lub90] for SL 2 q ((t −1 )) , where this time SL 2 q [t] attains the smallest covolume. Lubotzky observed that in this case, as opposed to the (2, 3, 7)-triangle group in SL 2 ( ), the lattice of minimal covolume is not uniform; he then asked whether, for a lattice of minimal covolume in a semi-simple Lie group, the typical situation is to be uniform, or not. Progress has been made on this question, and Salehi Golsefidy showed [SG09] that for most Chevalley groups G of rank at least 2, G q [t] is the unique (up to isomorphism) lattice of minimal covolume in G q ((t −1 )) . Salehi Golsefidy also obtained [SG13] that for most simply connected almost simple groups over q ((t −1 )), a lattice of minimal covolume will be non-uniform (provided Weil's conjecture on Tamagawa numbers holds).
On the other side of the picture, when the rank is 1, Belolipetsky and Emery [Bel04, BE12] determined the lattices of minimal covolume among arithmetic lattices in SO(n, 1)( ) (n ≥ 4) and showed that they are non-uniform. For SU(n, 1)( ), Emery and Stover [ES14] determined the lattices of minimal covolume among the non-uniform arithmetic ones, but to the best of the author's knowledge, this has not been compared to the uniform arithmetic ones in this case. Unfortunately, in the rank 1 case, it is not known whether a lattice of minimal covolume is necessarily arithmetic.
The above results give a partial answer to the question of Lubotzky in these two respective situations. In this paper, we intend to contribute to the question for SL n ( ). We show that, up to automorphism, the non-uniform lattice SL n ( ) is the unique lattice of minimal covolume in SL n ( ).
Outline
The goal of the present paper is to prove the following theorem.
Theorem. Let n ≥ 3 and let Γ be a lattice of minimal covolume for some (any) Haar measure in SL n ( ). Then σ(Γ ) = SL n ( ) for some (algebraic) automorphism σ of SL n ( ).
The argument relies in an indispensable way on the important work of Prasad [Pra89] and Borel and Prasad [BP89] (there will be multiple references to results contained in these two articles). We will proceed as follows.
We start with a lattice Γ of minimal covolume in SL n ( ). Using Margulis' arithmeticity theorem and Rohlfs' maximality criterion, we find a number field k, an archimedean place v 0 and a simply connected absolutely almost simple k-group G for which Γ is identified with the normalizer of a principal arithmetic subgroup Λ in G(k v 0 ). The latter means that there is a collection of parahoric subgroups {P v } v∈V f such that Λ consists precisely of the elements of G(k) whose image in G(k v ) lies in P v for all v ∈ V f . This allows us to express the covolume of Γ as µ(G(k v 0 )/Γ ) = [Γ : Λ] −1 µ(G(k v 0 )/Λ). The factor µ(G(k v 0 )/Λ) can be computed using Prasad's volume formula [Pra89] , and the result depends on the arithmetics of k and of the parahorics P v , as well as on the quasi-split inner form of G.
On the other hand, the index [Γ : Λ] can be controlled using techniques developed by Rohlfs [Roh79] , and Borel and Prasad [BP89] . The bound depends namely on the first Galois cohomology group of the center of G and on its action on the types of the parahorics P v .
Once we have an estimate on the covolume of Γ , we can compare it to the covolume of SL n ( ) in SL n ( ). We argue that for the former not to exceed the latter, it must be that k is , G is an inner form of SL n , and all the parahorics are hyperspecial. This is carried out in sections 4-6.
Finally, using local-global techniques, we conclude that Γ must be the image of SL n ( ) under some automorphism of SL n ( ).
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Notation and preliminaries
The contents of the paper will assume familiarity with the theory of algebraic groups, Bruhat-Tits theory and basic number theory. We refer the reader to [PR94] for an exposition of some of these topics and a more complete list of the available literature.
As much as possible, we will follow the notation adopted by Borel and Prasad in [Pra89] and [BP89] .
• , , , respectively denote the sets of strictly positive natural, rational, real and complex numbers. For p a place or a prime, p denotes the field of p-adic numbers and p its ring of p-adic integers. p denotes the finite field with p elements.
• In what is to follow, we will fix a number field k of degree m, and V , V ∞ and V f will always denote the set of places, archimedean places and non-archimedean places of k. We will always normalize each non-archimedean place v so that im v = .
• For v ∈ V , k v will denote the v-adic completion of k. For v ∈ V f , k v is the maximal unramified extension of k v , f v denotes the residue field of k at v and q v = #f v is the cardinality of the latter.
• k denotes the ring of adeles of k, and the adeles of will be abbreviated .
• When working with the adele points G( k ) (or variations of them, e.g. finite adeles) of an algebraic group G, we will freely identify G(k) with its image in G( k ) under the diagonal embedding, and vice-versa.
• For l a finite extension of k, we denote D l the absolute value of the discriminant of l (over ) and d l/k the relative discriminant of l over k; h l is the class number of l. The units of l will be denoted by U l , and the subgroup of roots of unity in l by µ(l).
• G will be a simply connected absolutely almost simple group (of type A r ) defined over k. We denote r = n − 1 its absolute rank, and for v ∈ V f , r v is its rank over k v .
• denotes the quasi-split inner k-form of G, l will denote its splitting field.
• SU n denotes the special unitary group defined over associated to the positivedefinite hermitian form |z 1 | + · · · + |z n | on n . Its group SU n ( ) of real points is the usual special unitary group, the unique compact connected simply connected almost simple Lie group of type A n−1 .
• ζ denotes Riemann's zeta function.
• For n ∈ , we setñ = 1 or 2 if n is respectively odd or even.
• For x ∈ , x denotes the ceiling of x, that is the smallest integer n such that n ≥ x.
• V n will denote the quantity
The setting
On SL n , we pick a left-invariant exterior form ω 0 of highest degree which is defined over . The form ω 0 induces a left-invariant form on SL n ( ), also to be denoted ω 0 , which in turn induces a left-invariant form on SU n ( ) through their common Lie algebra. Let c 0 ∈ be such that SU n ( ) has volume 1 for the Haar measure determined in this way by c 0 ω 0 ; we denote µ 0 the Haar measure given by c 0 ω 0 on SL n ( ).
Computing the covolume of SL n ( ) goes back to Siegel [Sie45a] , and for this particular measure, it is given by
(To obtain this, one can for example use [Pra89, thm. 3.7]; see §2 below. For the lattice
Let Γ be a lattice of minimal covolume for µ 0 in SL n ( ) (the existence of such a lattice can be obtained using the Kazhdan-Margulis theorem, see for example [Wan72] ); in particular, Γ is a maximal lattice. By Margulis' arithmeticity theorem [Mar91] and Rohlfs' maximality criterion [BP89, prop. 1.4] combined, there is a number field k, a place v 0 ∈ V ∞ , a simply connected absolutely almost simple group G defined over k, and a parahoric subgroup P v of G(k v ) for each v ∈ V f , such that:
is the principal arithmetic subgroup determined by the collection
This already imposes the signature of k and of the splitting field l of the quasi-split inner form of G. Indeed, for any archimedean place
is isomorphic to SU n ( ), the unique compact connected simply connected almost simple Lie group of type A n−1 .
Recall that since G is of type A, either l = k or l is a quadratic extension of k. Regardless, if v ∈ V ∞ − {v 0 }, it may not be that l embeds into k v : indeed, if this happens, then splits over k v , and thus G would be an inner k v -form of SL n . This prohibits G(k v ) from being compact, as inner k v -forms of SL n are isotropic when n ≥ 3. Thus, in the former case, when G is an inner k-form, it must be that V ∞ − {v 0 } is empty, i.e. l = k = . In the latter case, when G is an outer k-form, for each v ∈ V ∞ − {v 0 } the real embedding k → k v extends to two (conjugate) complex embeddings of l. On the other hand, G, hence , splits over k v 0 , thus l embeds in k v 0 . Combined, we see in this case that the signature of l is (2, m − 1).
On G, we pick a left-invariant exterior form ω of highest degree which is defined over k. The form ω induces a left-invariant form on G(k v 0 ), also to be denoted ω, which in turn induces a left-invariant form on SU n ( ) through their common Lie algebra. Let c ∈ be such that SU n ( ) has volume 1 for the Haar measure determined in this way by cω; we denote µ the Haar measure determined by cω on G(k v 0 ). By construction, µ agrees with the measure induced from µ 0 through the isomorphism ι. In what follows, we will freely identify SL n ( ) with G(k v 0 ), Γ with its image ι(Γ ) and µ 0 with µ. With this, we have
Prasad's volume formula
We fix a left-invariant exterior form ω qs defined over k on the quasi-split inner k-form of G. As before, ω qs induces for each v ∈ V ∞ an invariant form on (k v ), and in turn on any maximal compact subgroup of ( ) through their common Lie algebra. (Note again that such a maximal compact subgroup can be identified with SU n ( ).) For each v ∈ V ∞ , we choose c v ∈ k v such that the corresponding maximal compact subgroup has measure 1 for the Haar measure determined in this way by c v ω qs .
Let ϕ : G → be an isomorphism, defined over some Galois extension 
Using this observation, the main result from [Pra89] allows us to compute
Here, l is the splitting field of the quasi-split inner k-form of G (l is k or a quadratic extension of k), r = n − 1 is the absolute rank of G, s( ) = 0 if is split, otherwise
is the inverse of the volume of P v for a particular measure. We refer to [Pra89] for the unexplained notation (in the present setting, S = V ∞ consists only of real places).
An upper bound on the index
For the convenience of the reader, we briefly recollect the upper bound on the index [Γ : Λ] developed by Borel and Prasad. The complete exposition, proofs and references are to be found in [BP89, §2 & §5] (in the present setting,
For each place v ∈ V f , we fix a maximal k v -split torus T v of G; we also fix an Iwahori subgroup I v of G(k v ) such that the chamber in the affine building of G(k v ) fixed by I v is contained in the apartment corresponding to T v . We denote by ∆ v the basis determined by I v of the affine root system of
Let C be the center of G and ϕ : G → G the natural central isogeny, so that there is an exact sequence of algebraic groups
This sequence gives rise to long exact sequences (of pointed sets), which we store in the following commutative diagram (v ∈ V ). 
where c v denotes the image of c in H 1 (k v , C). With this, we define
Borel and Prasad [BP89, prop. 2.9] use the exact sequence due to Rohlfs
Since
and in turn,
In the next two subsections, we try to control the size of δ(G(k)) ∩ H 1 (k, C) ξ . We distinguish the case where G is an inner k-form of SL n from the case G is an outer k-form. For the former, we follow the argument of [BP89, prop. 5.1]. In the latter, we will adapt to our setting a refinement of the bounds of Borel and Prasad due to Mohammadi and Salehi Golsefidy [MSG12, §4]. Except for minor modifications, all the material in this section can be found in these two sources.
The inner case
Although in the inner case we have already established that k = , we will discuss it for an arbitrary (totally real) field k, as this will be useful to treat the outer case as well. Let us thus assume G is an inner k-form, i.e. (by the classification) G is isomorphic to
The center C of G is isomorphic to µ n , the kernel of the map GL 1 → GL 1 : x → x n , and thus for any field extension K of k, H 1 (K, C) may (and will in this paragraph) be identified with
With this identification, the canonical map
on ∆ v can be described as follows: ∆ v is a cycle of length n v , on which G(k v ) acts by rotations, i.e. Ξ v can be identified with /n v . The action of H 1 (k v , C) is then given by the morphism
From this description, we see that
acts trivially on ∆ v precisely when v(x) ∈ n v ; in particular, if G splits over k v , x acts trivially if and only if v(x) ∈ n . We can form the exact sequence
By the above, the image of H 1 (k, C) ξ lies in the subgroup v∈V f n v /n . Let T be the set of places v ∈ V f where G does not split over k v , i.e. for which n v = n. Then the exact sequence yields
]−1 , whereñ = 1 or 2 if n is respectively odd or even. In the case k = , which will be of interest later, it is indeed clear that #( n / ×n ) =ñ.
The outer case
Second, we assume G is an outer k-form. The centers of G and of the quasi-split inner form of G are k-isomorphic, hence there is an exact sequence
where µ n denotes the kernel of the map GL 1 → GL 1 : x → x n as above, R l/k denotes the restriction of scalars from l to k, and N is (induced by) the norm map of l/k. The long exact sequence associated to it yields
where l 0 /l ×n denotes the kernel of the norm map N :
The Hasse principle for simply connected groups allows us to write
If n is odd, we can make the following simplifications: µ n (k) = {1} and thus H 1 (k, C) ∼ = l 0 /l ×n in (2); using the analogous sequence for k v , we also have
If n is even, a weaker conclusion holds provided l has at least one complex place, i.e. if
×n = {1} and the long exact sequences associated to (1) read
The first row splits, and thus we may identify
, so that the bound we establish below will hold with an extra factorñ in the case k = .
It remains to understand the action of l 0 /l ×n on ∆. Let x ∈ l and let
be the unique factorization of the fractional ideal of l generated by x, where (P, P) (resp. p , P ) runs over the set of primes of l that lie over primes of k that split over l (resp. over inert primes of k, over ramified primes of k). When x ∈ l 0 , N (x) ∈ k ×n and thus n divides i P + i P , 2i p and i P .
Observe that v ∈ V f splits over l if and only if l embeds into k v , that is, if and only if ( splits over k v and) G is an inner k v -form of SL n . In particular, at such a place v, G is isomorphic to
, it is shown that when v splits as PP over l, the action of x ∈ l 0 is analogous to the inner case described in 3.1, hence x acts trivially on ∆ v if and only if n divides d v i P (and thus n also divides
Let T be the set of places v ∈ V f such that v splits over l and G is not split over k v , and let T l be a subset of the finite places of l consisting of precisely one extension of each v ∈ T , so that restriction to k defines a bijection from T l to T . By the discussion above, we can form an exact sequence
where l n = {x ∈ l × | w(x) ∈ n for each normalized finite place w of l} and l ξ /l ×n = {x ∈ l 0 /l ×n | ξ(x) = 1}. Moreover, the image of l ξ /l ×n lies in the subgroup w∈T l n v /n . Thus, if we assume k = (so that we may identify δ(G(k)) with a subgroup of l 0 /l ×n ),
We get the concrete bound on the index
by combining this with (I) and lemma A.1. If k = , we have instead
The field k is
We set m = [k : ] and as before, n = r + 1. The purpose of this section is to show that k = , i.e. m = 1.
We start by recalling that if P v is special (in particular, if it is hyperspecial), i.e. Θ v consists of a single special (resp. hyperspecial) vertex of ∆ v , then Ξ Θ v is trivial. Regardless of the type Θ v , we have #Ξ Tit66] : either ∼ = SL n , or ∼ = SU n,l , the special unitary group associated to the split hermitian form on l n , where l is a quadratic extension of k equipped with the canonical involution (incidentally, l is the splitting field of SU n,l , in accordance with the notation introduced). Thus, over k v , only these two possibilities arise for G. (Nonetheless, might split over k v ; in fact, it does so except at finitely many places.) In particular, the rank r v of G over k v is either r, or the ceiling of r/2.
The inner case
The case where G is an inner k-form of SL n (i.e. when l = k) has been treated in section 1. We observed that if G is an inner k v -form of SL n for some v ∈ V ∞ , then G(k v ) cannot be compact. This forced V ∞ = {v 0 } and thus k = .
The outer case
Here we settle the case where G is an outer k-form of SL n , i.e. when [l : k] = 2. We observed in section 1 that l has two real embeddings (extending k → k v 0 ) and m − 1 pairs of conjugate complex embeddings. Suppose that m > 1.
Let T be the finite set of places v ∈ V f such that v splits over l and G is not split over k v . Then, according to section 3.2, we have
#Ξ Θ v whereñ = 1 or 2 if n is odd or even, and h l denotes the class number of l. Combined with (V), we find (abbreviating
We use [Pra89, prop. 2.10, rem. 2.11] and the observations made at the begining of section 4 to study the local factors of the right-hand side.
(ii) If v / ∈ T but P v is special, then #Ξ Θ v = 1 and e(P v ) > 1, thus #Ξ
and we may compute using lemma A.14
Multiplying all the factors together, we have that
and we can thus write Altogether, we obtain
We consider the function M : × → defined by
M is strictly increasing in both variables, provided m ≥ 2 and n ≥ 6 (lemma A.4). In consequence, if m ≥ 2, n ≥ 9,
cf. lemma A.13, and Γ is not of minimal covolume.
In a similar manner, we would like to show that m cannot be large. To this end, Odlyzko's bounds on discriminants [Odl76, Combining with (6), we obtain
M is also strictly increasing in both variables, provided m ≥ 4 and n ≥ 4 (lemma A.6). This means that if m ≥ 6, n ≥ 4,
(cf. table A.7 and lemma A.13) and Γ is not of minimal covolume.
We may thus restrict our attention to the range 4 ≤ n ≤ 8 and 2 ≤ m ≤ 5 (we will treat the case n = 3 with a separate argument at the end of this section). By further sharpening our estimates on the discriminant, we will show that all these values are excluded as well, forcing m = 1.
From the bound (6) and the estimate µ(G(
we deduce an upper bound on the discriminant of k:
As can be seen by comparing the values of C (table A.8) with the smallest discriminants (table A.9), this bound already rules out n ≥ 7. We use these two tables to obtain information about D k . A lower bound on D k in turn will give us a bound on the relative discriminant: using (6) again,
We proceed to rule out all values of m. In what follows, unless specified otherwise, any bound on D k is obtained using (7) Unfortunately, the database has no complete records for fields with signature (2, 3) and discriminants past 3950000. We will thus need to refine our bounds to be able to treat the two other possible values for D k . First, we go back to our bound on the class number h l : as in [BP89, §6], we use Zimmert's bound R l ≥ 0.04 · e 2·0.46+(m−1)·0.1 on the regulator of l along with the Brauer-Siegel theorem (with s = 2) to deduce
Using this, we may rewrite the bound (8) as
provides a certificate of completeness for certain queries. All allusions made here refer to searches that are proven complete. However, it is important to note that in [JR14] , class numbers are computed assuming the generalized Riemann hypothesis (the rest of the data being unconditional). The class numbers referred to in this paper were therefore all verified using PARI/GP's bnfcertify command.
A PARI/GP script of this process is available on the author's page (math.ucsd.edu/~fthilman/). It remains to deal with the case n = 3. First, we proceed as above, using lemma A.6, M (16, 3) 4.6751..., and ζ(2) · ζ(3) < 1.97731 to see that
provided m ≥ 16. Hence we may restrict our attention to the range 2 ≤ m ≤ 15. Unfortunately, this bound on the degree of k is too large to allow us to work with a number field database. Of course, the reason this bound is large is that the powers of D k and D l appearing in (5) are very small. In turn, the bound we used for the class number h l was very greedy in terms of D l , aggravating the situation. In fact, we can use (5) and one of Odlyzko's bounds [Odl76] for D l to obtain a lower bound on h l :
We record the values of this bound in table A.10 (for small values of m, we used the actual minimum for D l to obtain this lower bound for h l ).
To solve this issue, we use the following trick. The Hilbert class field L of l has degree
. Hence, when the class number is large, we can use Odlyzko's bounds [Odl76] for D L in order to improve our bounds on D l . Namely, we have , we may rewrite (6) as
and check that this inequality contradicts the bound in table A.11 as soon as m ≥ 4. For m = 3 and m = 2, the bound reads respectively D l ≤ 4578732 and D l ≤ 13643.
Finally, to treat the remaining two cases, we can use the online database [JR14] . If m = 3, we observe that all fields of signature (2, 2) with discriminant D l ≤ 4578732 have class number either h l = 1 or h l = 2; this contradicts (9) and table A.10. Similarly, if m = 2, we observe in the database that all fields of signature (2, 1) with discriminant D l ≤ 13643 also have class number either h l = 1 or h l = 2. This is again a contradiction to (9) and table A.10.
Remark.
Below is a summary of the various discriminant bounds that were used in this section to exclude a given couple (m, n) from giving rise to a lattice of minimal covolume. 
G is an inner form of SL n
The purpose of this section is to show that G is an inner k-form of SL n , i.e. that splits over k. Let us thus suppose, for contradiction, that
We have shown in section 4 that k = , so that the bounds (5) and (6) obtained in 4.2 can be adapted as follows: (the extra factorñ is due to the correction in the index bound when k = , cf. section 3.2)
First, let us assume that h l = 1. Since l is totally real, this implies D l ≥ 40. Note that
We consider the function N : → defined by
N is strictly increasing, provided n ≥ 2 (lemma A.12). In consequence, if n ≥ 4, then N (n) ≥ N (4) 2.30692... and thus
hence Γ is not of minimal covolume. For n = 3 we notice that s( ) = 5, so that
and Γ is not of minimal covolume.
Second, if h l = 1, then at least D l ≥ 5 and we may consider the function N : → defined by
N is strictly increasing (lemma A.12) and N (4) 3.49385..., thus
and Γ is not of minimal covolume. For n = 3, we use again that s( ) = 5 to see that
and Γ is not of minimal covolume. This forces l = k and G to be an inner form.
The parahorics P v are hyperspecial and G splits at all places
So far, we have established that k = l = and G is an inner k-form of SL n ; thus, G is isomorphic to SL n D for some central division algebra
Recall that T is the finite set of places v ∈ V f where G does not split over k v , and let T be the finite set of places v ∈ V f where P v is not a hyperspecial parahoric; of course, T ⊂ T . The goal of this section is to show that T is empty.
According to section 3.1, we have
Also, as we noted at the begining of section 4,
Combined with (V) and (I), we obtain
Recall that for any
Now if T is not empty, then by looking at the Hasse invariant of D, it appears that d v ≥ 2 for at least two (finite) places. This means that T has at least two elements, and using lemma A.2, we see that if n ≥ 4,
If n = 3, then actually d v = 3 for at least two (finite) places, and
In particular, it is clear from (10) that Γ is not of minimal covolume. Hence it must be that T is empty and G splits everywhere.
On the other hand, if v ∈ T − T , then P v is properly contained in a hyperspecial parahoric H v . As discussed previously, there is a canonical surjection H v → SL n (f v ), under which the image of P v is the proper parabolic subgroup P v of SL n (f v ) whose type consists of the vertices belonging to the type of P v in the Dynkin diagram obtained by removing the vertex corresponding to H v in the affine Dynkin diagram of G(k v ). In particular, it follows that [H v :
and thus using lemma A.14,
Of course, as G splits everywhere, we have that e(H v ) is equal to the corresponding factor e(SL n ( v )) = n i=2
with equality only if n = 4, T = {2} and #Ξ Θ 2 = 4. Notice however that this bound is rather rough; by examining the types of the parahorics carefully, one obtains much better bounds. For example, to achieve #Ξ Θ v = n, P v must be an Iwahori subgroup, in which case
in lemma A.14. This rules out the equality case above and thus T must be empty as well.
Conclusion
As we have shown in section 6, G splits over k v for all v ∈ V f and thus for all v ∈ V . As before, let D be a central division algebra over k (= ) of degree d such that G ∼ = SL n (D) over k. Now since G splits at all places, we have for any v ∈ V that G(k v ) ∼ = SL n (k v ), or in other words, that the group of elements of reduced norm 1 in
It then follows from the Albert-Brauer-Hasse-Noether theorem that D = k and in turn G(k) ∼ = SL n (k) and G is split over k. From hereon, we will thus identify G with SL n through this isomorphism, to be denoted η.
As the family {P v } is coherent, we may assume that g v = 1 except for finitely many v ∈ V f . In this way, g = (1, (g v ) v∈V f ) determines an element of the adele group GL n ( ). The class group of GL n over is trivial [PR94, ch. 8], therefore
and we can write g = (1, (g v h) v∈V f ) for g v ∈ GL n ( v ) and h ∈ GL n ( ). In consequence,
, and thus
In turn, hΓ h −1 = SL n ( ), as SL n ( ) (or equivalently Λ) is its own normalizer in SL n ( ). One way to obtain this fact is using Rohlfs' exact sequence (see section 3). Indeed, clearly C(k v 0 ) = C(k) ∩ Λ, and on the other hand, since Λ is given by hyperspecial parahorics, we may identify
, and x ∈ ×n } = {1}.
Hence Γ /Λ is trivial as claimed. Finally, retracing our identifications, we find that SL n ( ) is the image of Γ under the automorphism σ : SL n ( ) 
×n } and l n = {x ∈ l × | w(x) ∈ n for each normalized finite place w of l}. Then
where µ(l) is the group of roots of unity of l,ñ = 1 or 2 depending if n is odd or even, and n is the n-torsion subgroup of the class group of l.
Proof. According to [BP89, prop. 0.12], there is an exact sequence
where U l denotes the group of units of the ring of integers of l, and n is the n-torsion subgroup of the class group of l. Intersecting with l 0 /l ×n yields
Dirichlet's units theorem states that U l is the internal direct product F l × µ(l) of F l , the free abelian subgroup of U l (of rank 2m 1 + m 2 − 1) generated by some system of fundamental units, and µ(l), the subgroup of roots of unity in l × . Since µ(l) ⊂ l 0 , we also have that U l ∩ l 0 is the internal direct product of F l ∩ l 0 and µ(l). Additionally, it is clear that under this identification, U n l corresponds to the subgroup F n l
and it remains to study (
; to this end, we switch to additive notation. We write L for the free abelian group U l /µ(l) (canonically isomorphic to F l ) in additive notation, and M for its free subgroup . In other words, the sequence
As 2M + nM =ñM , we have # 
Proof. We compute, for n, q ≥ 2,
and
Thus E is strictly increasing in n and q if n, q ≥ 2, and E(4, 2) = 2. The proof of the second inequality is analogous. K A.3 Lemma. Let n, q ∈ with q ≥ 2. Thenñ
(q+1)ñ is increasing in n and strictly increasing in q, as
Finally E(3, 2) = Proof. For F a function of two integer variables m and n, we denote ∂ m F (resp. ∂ n F ) the function defined by
F (m,n) ). In order to show that M increases in m (resp. in n), we intent to show that ∂ m M > 1 (resp. ∂ n M > 1).
We have
and thus
Now if m ≥ 2 and n ≥ 4, then 
This means that provided m ≥ 2 and n ≥ 4, ∂ m M increases in n and ∂ n M increases in m. Finally, assuming m ≥ 2 and n ≥ 6 respectively, we have 
(q j − 1) .
Of course, n(n
). Now the ratio in the right-hand side is clearly greater then 1, as, taken in order, each factor in the numerator is bigger than the corresponding one in the denominator.
Finally, we observe that if P is proper, k ≥ 2 and n 2 − k i=1 n 2 i ≥ 2n 1 n 2 ≥ 2(n − 1). K
